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^ ■ Abstract 



We consider a reducible generalized hypergeometric equation, whose sub- 
equation possesses apparent singular points. We determine the polynomial 
whose roots are these points. We show that this polynomial is a generalized 
hypergeometric polynomial. 
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^ 1 Introduction, 

o 

tJ- I The generalized hypergeometric differential equation „+i_E„(a;6) = n+iEn (cto, ^i, 

• • ■ , a„; 6i, ■ ■ ■ , hn) is defined by n+iLnV = 0, where 

O 

; n+iLn = n+iLn{ao, Oi, ■ ■ ■ , 6i, ■ ■ ■ , bn) ■■= II (^9 + am) - II + bm)x \ 



m=0 m=0 



^ , with bo = 1 and 'd = xd = x—. 

^ . dx 

d • It is known that „+i£'„(a; b) is irreducible if and only if ai ~bj for all j = 

0, 1, ■ ■ ■ ,n (cf. Proposition 3.3 of [1]). Here, reducibility implies that a non-trivial 
subspace, say V ^ of the solution space is invariant under the monodromy group. If 
n^\En{a\ b) is reducible, then the operator „+iL„ can be factored as n+iLn = Pi ■ P2, 
where Pi and P2 are differential operators whose coefficients are rational functions. 
In general, the differential equation P2I/ = may have apparent singular points in 
C — {0,1}. For example, if n = 2 and = 1 + k{k G Z>o), the characteristic 
exponents at x = 0, 1, 00 of P2y = follows: 





-1-k 

However, this scheme does not satisfy Fuchs's relation, except in the case k = 0. It 
is thus seen that P2y = has apparent singular points in C — {0, 1}, except in the 
case k = 0. 

The above considerations lead to the following question: 
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• Where do the apparent singular points appear in C — {0, 1}? 

In this paper, we answer this question using the following observation: 

• At these apparent singular points, the Wronskian of the span of V vanishes, 
because V is the solution space of = 0. Conversely, this Wronskian does 
not vanish besides these points in C — {0, 1}. 

In the following, we find the polynomials whose roots are apparent singular points 
when ttQ E Z or ao — bi E Z. We then show that these polynomials are generalized 
hypergeometric polynomials. For example, if ao = 1 + A; (A; G Z>o), the polynomial 
is n+iFn{-k, 1 - ai, ■ ■ ■ , 1 - a„; 2 - 61, ■ ■ ■ , 2 - 6„; x). 



2 Minors of Wronskian 

The generalized hypergeometric differential equation n+iEn{o,]b) with free parame- 
ters ao, ■ ■ ■ , an, 61, ■ ■ ■ ,bn possesses solutions near x = in the form of the general- 
ized hypergeometric series 

. _ / , /, A _ {ao,m){ai,m)---{an,m) ^ 
JO '■— n+i-rn[O'0, Oi, ■ ■ ■ , a„; Oi, ■ ■ ■ ,On;x) — ~ ~ ^ ~ ~x 



m=Q 



{bo,m){bi,m) ■ ■ ■ {bn,m) 



where (a, m) := a ■ (a + 1) ■ ■ ■ (a + m — 1), and 

fi := x^"^\+iF„(ao + 1 - bi,ai + 1 - bi, ■ ■ ■ , a„ + 1 - fe^; 

bi + 1 - bi, - ■ ■ , bi-i + 1 - 6i, 2 - bi, bi+i + 1 - 6^, ■ ■ ■ , 6„ + 1 - bf, x) 

for i = 1, ■ ■ ■ , n. Further, it possesses solutions near x = 00 in the form 

gi := (-x)""'„+iF„(aj, + 1 - 61, • • • , -M - 

aj + 1 - ao, ■ ■ ■ , ai + 1 - a^^i, a^ + 1 - a^+i, ■ ■ ■ , a^ -M - a„; 

for i = 0, 1, ■ ■ ■ ,n. We denote the (n + 1) minors of the Wronskian of the above 
{n + 1) solutions near x = hj Fi for i = 0,1, ■ ■ ■ ,n: 



fo ■■ 


V 

■ f^ ■ 


fn 


5""Vo ■■ 







(z = 0, 1, ■ ■ ■ 



(2.1) 



Similarly, we denote the (n + 1) minors of the Wronskian of the above (n + 1) 
solutions near x = 00 by Gj for i = 0, 1, ■ ■ ■ , n: 

90 



G, 



V 

9i 



9n 



{z = 0,l,--- ,n) (2.2) 



We consider the space, say W, spanned by Fq, Fi, - ■ ■ , Fn. 
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To begin with, we show that the space W can be identical to the solution space 
of a Fuchsian differential equation and has no singular points away from x = 0,1, oo. 
Because fi satisfies E{a] b), d'^'^^fi is expressed as 

= Pnd'^f, + V. + ■ ■ ■ + Pofi, 

where each pj is a rational function with only two poles at x = 0, 1. Set 



fo ■ 


V 

■ f^ ■ 


fn 




■ d^-'fi ■ 






■ 9™+Vi ■ 




dVo ■ 


■ d^f, ■ 





Then, we find that Fi = Fn,i, dFi = F^-i^i and d'^Fi = Fn-2,i+Pn-iFn-i,i+PnFn,i- In 

the same way, d'^Fi can be expressed as Fn-m,i + Pn-m+i,m -Fn-m+i,* H h Pn,mK,i 

for m = 0, ■ ■ ■ ,n and d^'^^Fi can be expressed as Po,n+i-fo,i + ■ — h Pn,n+iFn,i, where 
each Pk,m is a rational function with at most two poles at x = 0, 1. Note that any 
Pk,m does not depend on i. Therefore, any Fi satisfies the same linear differential 
equation with order at most (n + 1) whose coefficients are rational functions with at 
most two poles at x = 0, 1 in C. It is obvious that the solution space of this equation 
includes the space W. Hence, there is no singular points besides x = 0, 1, oo in W. 
Moreover, since each Fi is sums of products of the product of a power function and 
a holomorphic function near x = 0,W has a regular singular point at x = 0. W also 
has a regular singularity at x = oo because Gq, Gi, ■ ■ ■ , G„ span W. Similarly, we 
can find W has a regular singularity at x = 1. In the next paragraph, we find that 
{Fq, ■ ■ ■ , Fn} is linearly independent by evaluating local behavior of each Fi near 
X = 0. Assuming this, we see that this equation has, in fact, order (n + 1) and the 
solution space of this equation is identical to the space W. So, we can consider the 
Riemann scheme of the space W. 

Next, we tabulate the Riemann scheme of the space W. First, we evaluate the 
characteristic exponents at x = 0. For this, we evaluate local behavior of each Fi 
near x = 0. For z = 0, we have 



X 



X 



l-bn 



X 



nr=o (1 - ^1 - 0^^-''^-" ■•■ u::oa-bn-i)x'-'"-- 

1 ■■■ 1 

u V^"- u ■n{n — 3) 



nr=o'(i-&i-o 



Vo{x) 



nr=-o'(i-&n-o 



Vo{x) 



l<j<k<n 



where fo(x) is a holomorphic function near x = with fo(0) = 1. In the same way. 
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we have, for z = 1, 

l=l^l^i l<j<k<n,j,k^i 

where Vi{x) is a holomorphic function near x = with Vi{0) = 1. Therefore, we 
obtain the characteristic exponents at x = 0: 



n{n — 3) 



bn-^ bn 



n{n — 3) 



m=0 



m=0 



Second, we evaluate the characteristic exponents at x = oo. For this, we evaluate 
local behavior of each d at a; = oo. For i = 0, 1, ■ ■ ■ , n, we have 



-X] 



-ao 



V 



-X) 



{ao,n- l)(-x) 



1— oq— n 



{ai,n- l){-x) 



-X 



n(n — 1) 
2 



1 



l—ai—n 



X Wi{l/x) 

1 



0<j<k<n,j,kj^i 



{ao,n-l) ■■■ {ai,n-l) 



where Wi{l/x) is a holomorphic function near x = oo with u'i(O) = 1. Hence, we 
obtain the characteristic exponents at a; = oo: 



?T,(r;, — 1) 



m=0 m=0 



E" ?T,(?7, — 1) 



In the same way, we can evaluate the characteristic exponents at x = 1. However, 
we omit the detail of evaluation of these because it is more complicated. Thus, we 
obtain the Riemann scheme of the space W: 



x = 



n{n—3) 



X = 1 





^0 - Ylm=0 bm- 

r -ir^n 7 n(n— 3) sr^n ? sr^n -i -ir^n . n(n— 1) 



X = OO 

En I n(n— 1) 
m=0 2 "0 



n(n— 3) Y"^*^ 



n(n—l) 



(2.3) 



Note that every function near x = 1 of is free from logarithmic terms and the 
scheme (2.3) is identical to 



X 
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x = 

E 

61-1 



bn-l 



771=0 



X = 1 X = 00 

+ Em=0 1 - ao 

1 - ai 



>• (2.4) 



77, — 1 



1 — dr. 



The scheme in (2.4) is the Riemann scheme of n+iEn{'^ — clo,^ — 0,1, ■ ' ' ? 1 ~ CLn] 2 — 
bi,--- ,2 — bn). Therefore, writing the solution space of „+i-E'„,(l —flO) ■■ ■ A~ 

a„; 2 - 61, ■ ■ ■ , 2 - 6„,) as „,+iS'„(l - Oq, 1 - cti, ■ ■ ■ , 1 - a^; 2 - 61, ■ ■ ■ , 2 - 6„), we find 
that each minor at x = 0, 00 is an element of 



X 



n(n — 3) 



(1-x) 



X 7i+i>S'7i(l — ao, 1 — fli, ■ ■ ■ , 1 — a^; 2 — 61, ■ ■ ■ , 2 — 6„). 
Lemma 2.1. We define Fi and Gi as (2.1) and (2.2), respectively. Then, we have 



Fo= n ib,-bk)x'-^'^=^' 

i<j<k<n 



n(n — 3) 



(1-x) 



X - ao, 1 - fli, ■ ■ ■ , 1 - a„; 2 - 61, ■ ■ ■ , 2 - 6„; x), (2.5) 



n 

= JJ(1 - 6«) Yl i^J - bk)x'''~^'^="^"'~^^ {I - x)^™=o'''"~^-=o''™-" 

Z=l,Z^i l<'j<k<n,j,k^i 

X 77+1-^77(^7 — flO) ^7 — c^i, ■ ■ ■ , fej — a„; 
6j + 1 - 61, ■ ■ ■ , 6i + 1 - 67 + 1 - &7+1, ■ ■ ■ ,bi + ^-bn]x) (2.6) 

/or i = 1, ■ ■ ■ , n, and 

Gi= Y[ («fc - aj)(-a;)'''"^™=o'''""^^'^^(l - x)^-=o'''""^™=o'''""" 

X 77+1-^77(1 — flj, 61 — ttj, • ■ ■ , bn — ai] 

ao + 1 - Oi, • ■ ■ , ai_i + 1 - Oj, aj+i + 1 - Oj, ■ ■ ■ , + 1 - a^; 1/x) (2.7) 
for i = 0, 1, ■ • ■ , n. 

Remark 2.2. Because (2.5) is afunctional equation, if both sides of this equation 
are well-defined, then it is valid. The same holds for (2.6) and (2.1). 

3 Apparent singular points of P^y = 

If oq G Z<o, then /o spans an invariant space V . Therefore, the apparent singular 
points are the roots of /q. 

We consider in case that ao G Z>o. If ao = 1, then E{a\ b) is factored as 

( 77 77 \ 

l[{^ + a^)~l[{^ + bm)x"'\y = 0. 
777=1 777=1 / 
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Therefore, because /i|ao=i, ■ ■ ■ , fn\ao=i solve = 0, these functions span an invari- 
ant space V in case = 1. We denote + ■ ■ ■ {'d + k) by H{k) for a positive inte- 
ger k. Then, the monodromy group for a basis (/o|ao=i, " " " , fn\ao=i) oi S{a; fo)|ao=i 
is equal to that for a basis {H{k)fo\ao=i,--- , H (k) fn\ao=i) of S{a]b)\ao=i+k (cf. 
Proposition 2.5 and Corollary 2.6 of [1]). Moreover, considering the characteris- 
tic exponents at x = 0, we find that H{k)fo\ao=i,--- , H (k) fn\ao=i are equal to 
/o|ao=i+fc) ■ ■ ■ ) fn\ao=i+k up to multiple factors, respectively. Therefore, we find that 
/i, ■ ■ ■ , fn span an invariant space V in case ao G Z>o- Hence, the apparent singular 
points are the zeros of the Wronskian of /i, ■ ■ ■ , away from x = 0, 1 and oo. This 
Wronskian is expressed in (2.5) in terms of n+i-^n- 

If ao — bi e Z<o, then go spans an invariant space V. Therefore, the apparent 
singular points are the roots of go. 

If ao — &i G Z>o, then we can find that gi, - ■ ■ ,gn span an invariant space V in 
the same way as Oq G Z>o- Hence, the apparent singular points are the zeros of the 
Wronskian of gi, - ■ ■ ,gn away from x = 0,1 and oo. This Wronskian is expressed in 
(2.7) in terms of n+i-^n- 

We collect the results obtained above in the following. 

Theorem 3.1. For ao G Z, the apparent singular points of the differential equation 
P2y = are respectively the roots of 

(ao, ) (ao G Z<o), 

n+iFn{l - ao, 1 - ai, ■ ■ ■ , 1 - a„; 2 - 6i, ■ ■ ■ , 2 - 6„; x) (ao G Z>o). 

For ao — bi G Z, the apparent singular points of this equation are respectively the 
roots of 

n+iF„(ao, ao + 1 - &i, ■ ■ ■ , ao + 1 - 6™; Qo + 1 - «!, • • • , ao + 1 - a.„; 1/x) 

(ao -biE Z<o), 

n+iFn{l - ao,bi - ao, ■ ■ ■ , 6„ - ao; ai + 1 - ao, ■ ■ ■ ,a.„ + 1 - ao; 1/x) 

(ao - 6i G Z>o). 

Next, we determine the Riemann scheme of V with free parameters a^, ■ ■ ■ , a„, 
6i, ■ ■ ■ , fen in case that ao = 1 + /c G Z>o. Because the Wronskian of V has /c distinct 
roots ai, ■ ■ ■ , afc in C — {0, 1} under this condition, the Riemann scheme is expressed 
as 



X = X = 1 X = oo X = ai 

1-bi Pi ai 

1 — bn~l Pn-1 On-l Oil,n-l 

1 - Ylm=l - YZi=l - ^ - k a„ 



X = ttk 
ttfc,n-l 



(3.1) 



where each /^^ is a non-negative integer less than n with /3i < ■ ■ ■ < and 
each aij is a non-negative integer with i < ■ ■ ■ < ctj „. Therefore, the sum of all 
exponents of (3.1) is 



n— 1 k n 

m=l 1=1 j=l 



Because each is an apparent singular point and l3m and aij satisfy the above 
condition, this sum is at least 

n + (0 + 1 + ■ ■ • + (n - 2)) - 1 - A; + A; (0 + 1 + ■ ■ ■ + (n - 2) + n) 

{k + l)n{n - 1) 
~ 2 

However, from Fuchs's relation, the sum of all exponents is identical to 

{k + l)n{n - 1) 
2 ■ 

Therefore, we obtain that the Riemann scheme of V in this case is 



x = 
l-h 



X = 1 




1 - bn^i n-2 



X = OO X = ai 

ai 

Qn-i n-2 
1 — k Or, n 



X = ak 




n-2 

n 



> . 



We can also determine the Riemann scheme of V in other cases. 
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